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In this paper, we study SLOCC determinant invariants of order 2n/2 for any even n qubits
which satisfy the SLOCC determinant equations. The determinant invariants can be constructed
by a simple method and the set of all these determinant invariants is complete with respect to
permutations of qubits. SLOCC entanglement classification can be achieved via the vanishing or
not of the determinant invariants. We exemplify the method for several even number of qubits, with
an emphasis on six qubits.
PACS Number: 03.67.Mn
Quantum entanglement is a key quantum mechanical
resource in quantum computation and information, such
as quantum cryptography, quantum dense coding and
quantum teleportation [1]. Whereas bipartite entangle-
ment has been well understood, multipartite entangle-
ment remains largely unexplored due to the exponential
growth of complexity with the number of qubits involved.
Functions in the coefficients of pure states which are
invariant under stochastic local operations and classical
communication (SLOCC) play a vital role in the study
of entanglement classification [2–11] as well as entangle-
ment measures [12–14]. Invariants for four qubits have
been presented in [12], and entanglement measures might
be built from the absolute values of these invariants. The
three invariants of order 4, denoted as L, M and N , can
be expressed in the form of determinants. Invariants for
five qubits have been highlighted in [15, 16]. To date,
very few attempts have been made toward the generaliza-
tion to higher number of qubits. The SLOCC equations
of degree 2 for even n qubits and of degree 4 for odd
n qubits have been recently established for two states
equivalent under SLOCC [7, 14]. More recently, for even
n qubits, the SLOCC determinant equations of degree
2n/2 has been established and four determinant invari-
ants of order 2n/2 have been obtained [17]. In light of
the SLOCC determinant equations, several different gen-
uine entangled states of even n qubits inequivalent to the
|GHZ〉, |W 〉, and Dicke states have been constructed.
In this paper, we construct
(
n−1
n/2−1
)
SLOCC deter-
minant invariants of order 2n/2 for any even n qubits
which satisfy the SLOCC determinant equations. We
also demonstrate the completeness of the set of all these
determinant invariants with respect to permutations of
qubits. For six qubits, we explicitly derive all the ten
SLOCC determinants of order 8. The determinant invari-
ants can be used for SLOCC classification of any even n
qubits. Finally, we illustrate the application of the equa-
tions and invariants by proposing a genuine entangled
state of even n qubits and showing that it is inequivalent
to the |GHZ〉, |W 〉, and Dicke states.
We write the state |ψ′〉 of even n qubits as |ψ′〉 =∑2n−1
i=0 ai|i〉. We associate to the state |ψ′〉 a 2n/2 by
2n/2 coefficient matrix M(a, n) whose entries are the co-
efficients a0, a1, · · · , a2n−1 arranged in ascending lexico-
graphical order. To illustrate, we list M(a, 4) below as:
M(a, 4) =


a0 a1 a2 a3
a4 a5 a6 a7
a8 a9 a10 a11
a12 a13 a14 a15

 . (1)
Let the state |ψ〉 of even n qubits be |ψ〉 =∑2n−1i=0 bi|i〉.
It is well known that the states |ψ〉 and |ψ′〉 are equivalent
under SLOCC if and only if there exist local invertible
operators A1, A2, · · · ,An such that [2]
|ψ′〉 = A1 ⊗A2 ⊗ · · · ⊗ An︸ ︷︷ ︸
n
|ψ〉. (2)
Let M(b, n) be obtained from M(a, n) by replacing a
by b . Then the following SLOCC determinant equation
holds [17]:
detM(a, n)
= detM(b, n)[det(A1) · · · det(An)]2
(n−2)/2
. (3)
We refer to any determinant that satisfies Eq. (3) as a
SLOCC determinant invariant of order 2n/2 for even n
qubits. In particular, detM(a, n) is such a determinant
invariant. Several other determinant invariants have re-
cently been obtained in [17]. The aim of this paper is
to construct all the determinant invariants satisfying Eq.
(3).
We write |ψ′〉 in terms of an orthogonal basis as |ψ′〉 =∑
ai1i2···in |i1i2 · · · in〉, where i1i2 · · · in is the n-bit binary
form of the index i. Inspection of the structure of the ma-
trix M(a, n) reveals that the coefficient ai1···in/2in/2+1···in
of the state |ψ′〉 is the entry in the (i1 · · · in/2)th row
and (in/2+1· · · in)th column of the matrix (define the top-
most row as the 0th row and the leftmost column as the
0th column). In other words, bits 1, · · · , n/2 specify the
row number, and the rest bits specify the column num-
ber. We observe that using different bits to specify the
row number might result in matrices whose determinants
are different from that of M(a, n). Since n/2 bits are
needed to specify the row number for square matrices,
2this amounts to
(
n
n/2
)
different ways. But, as can easily
be verified, exchanging the row and column bits of a ma-
trix is equivalent to transposing the matrix. This gives
a total of 12
(
n
n/2
)
=
(
n−1
n/2−1
)
different determinants. As
will be seen later, these determinants satisfy the SLOCC
determinant equations and form a complete set of de-
terminant invariants of order 2n/2 of even n qubits with
respect to permutations of qubits. We can construct the
determinants in the following way: use bit n/2 together
with n/2− 1 other bits selected from the rest n− 1 bits
to specify the row number and the remaining n/2 bits to
specify the column number. We exemplify this for n = 4.
Using bits 1 and 2 to specify the row number yields
D14 =
∣∣∣∣∣∣∣∣
a0 a1 a2 a3
a4 a5 a6 a7
a8 a9 a10 a11
a12 a13 a14 a15
∣∣∣∣∣∣∣∣
. (4)
Using bits 2 and 3 to specify the row number yields
D24 =
∣∣∣∣∣∣∣∣
a0 a1 a8 a9
a2 a3 a10 a11
a4 a5 a12 a13
a6 a7 a14 a15
∣∣∣∣∣∣∣∣
. (5)
Using bits 2 and 4 to specify the row number yields
D34 =
∣∣∣∣∣∣∣∣
a0 a2 a8 a10
a1 a3 a9 a11
a4 a6 a12 a14
a5 a7 a13 a15
∣∣∣∣∣∣∣∣
. (6)
Each of the above three determinants can be verified to
satisfy Eq. (3) by solving Eq. (2) for the coefficients of
|ψ′〉 and then substituting the coefficients into the cor-
responding Eqs. (4)-(6), thereby revealing that all the
three determinants are SLOCC determinant invariants
of order 4 for four qubits [17]. It is worth noting that the
above three determinants, ignoring the sign, turn out to
be same as the ones given in [12].
While the determinants of order 4 for four qubits can
be verified to satisfy Eq. (3), this is an extremely difficult
task for large number of qubits. To solve this problem, we
will resort to permutations. Suppose that we use bit n/2
together with n/2−1 other bits ℓ1, ℓ2, · · · , ℓn/2−1 selected
from the rest n−1 bits to specify the row number and the
remaining n/2 bits to specify the column number. This
gives a determinant of order 2n/2. We will show that this
determinant can be obtained by applying a permutation
to detM(a, n). This can be seen as follows. Let
C = {ℓ1, ℓ2, · · · , ℓn/2−1} ∩ {1, 2, · · · , n/2− 1}, (7)
i.e. C consists of those among the first n/2 − 1 bits
which are used to specify the row number. Consider the
following two sets of bits:
{t1, t2, · · · , tk} = {ℓ1, ℓ2, · · · , ℓn/2−1}/C, (8)
{r1, r2, · · · , rk} = {1, 2, · · · , n/2− 1}/C, (9)
for some 0 ≤ k ≤ n/2 − 1. Here r1, · · · , rk are those
among the first n/2 bits which are used to specify the
column number, and t1, · · · , tk are those among the last
n/2 bits which are used to specify the row number. De-
fine the permutation
σ = (r1, t1)(r2, t2) · · · (rk, tk). (10)
If k = 0, we define σ = I. It is trivial to see that, ignoring
the sign, the determinant constructed above is equal to
σ detM(a, n). To find all the determinants of order 2n/2,
we can simply exhaust all possible values of r1, · · · , rk,
t1, · · · , tk, and k, i.e. for all 1 ≤ r1 < r2 < · · · < rk ≤
n/2− 1, n/2 < t1 < t2 < · · · < tk ≤ n, and k varies from
0 to n/2 − 1. Inspection of the above condition yields∑n/2−1
k=0
(
n/2−1
k
)(
n/2
k
)
=
(
n−1
n/2−1
)
different permutations σ,
which give rise to equally as many different determinants
σ detM(a, n) of order 2n/2.
Now, simply taking the permutations σ to both sides
of Eq. (3) yield the following determinant equations:
σ detM(a, n)
=σ detM(b, n)[det(A1) · · · det(An)]2
(n−2)/2
. (11)
It follows immediately from Eq. (11) that σ detM(a, n)
are determinant invariants of order 2n/2.
For the sake of completeness, we first do a simple ma-
nipulation of Eq. (10). If we make use of the fact that
(rk, tk) = (1, tk)(1, rk)(1, tk), (12)
we are led to the following equation (ignoring the sign):
(ri, ti) detM(a, n) = (1, ri)(1, ti) detM(a, n). (13)
That Eq. (13) holds is easily confirmed upon realiz-
ing that to take transposition (1, ti) to the determi-
nant (1, ri)(1, ti) detM(a, n) is equivalent to interchang-
ing two rows of the determinant. This leads to the fol-
lowing expression for σ:
σ = (1, r1)(1, t1)(1, r2)(1, t2) · · · (1, rk)(1, tk). (14)
Indeed, Eq. (14) is usually more convenient to use than
Eq. (10). It can be demonstrated that applying a trans-
position in the form (1, i) with i = 1, · · · , n to the set
formed by the determinant invariants constructed above
always yields the same set (ignoring the sign). Since any
permutation can be expressed as a product of transposi-
tions in the form (1, i), this demonstrates the complete-
ness of the set of all these determinant invariants. This
will be illustrated in discussing the cases n = 4 and n = 6
below.
We now proceed to present the determinant invariants
for several even number of qubits.
n = 2: for two qubits, there is only one determinant
invariant
∣∣∣∣ a0 a1a2 a3
∣∣∣∣ of order 2 (see also [7]).
3n = 4: for four qubits, there are three determinant
invariants of order 4, namely, D14, D
2
4, and D
3
4 (see Eqs.
(4)-(6)). Note that D24 = (1, 3)D
1
4 and D
3
4 = (1, 4)D
1
4.
We now argue that the above three determinants form
a complete set of determinant invariants of order 4 for
four qubits with respect to permutations of qubits. This
can be seen as follows. Applying any transposition (1, i)
with i = 1, · · · , 4 to any one of the three determinant
invariants always yields a determinant invariant in the
same set. This demonstrates the completeness of the set
formed by these determinant invariants. The results are
summarized in table I.
TABLE I. Completeness of the determinant invariants for four
qubits with respect to permutations of qubits
trans determinant invariants
(1, 1) D14 D
2
4 D
3
4
(1, 2) D14 D
3
4 D
2
4
(1, 3) D24 D
1
4 D
3
4
(1, 4) D34 D
2
4 D
1
4
n = 6: for six qubits, there are ten determinant invari-
ants of order 8. In table II, we list the permutations σ
and the corresponding determinant invariants by virtue
of Eq. (14). The determinant invariants are explicitly
given as follows:
D16 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a1 a2 a3 a4 a5 a6 a7
a8 a9 a10 a11 a12 a13 a14 a15
a16 a17 a18 a19 a20 a21 a22 a23
a24 a25 a26 a27 a28 a29 a30 a31
a32 a33 a34 a35 a36 a37 a38 a39
a40 a41 a42 a43 a44 a45 a46 a47
a48 a49 a50 a51 a52 a53 a54 a55
a56 a57 a58 a59 a60 a61 a62 a63
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
D26 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a1 a2 a3 a32 a33 a34 a35
a4 a5 a6 a7 a36 a37 a38 a39
a8 a9 a10 a11 a40 a41 a42 a43
a12 a13 a14 a15 a44 a45 a46 a47
a16 a17 a18 a19 a48 a49 a50 a51
a20 a21 a22 a23 a52 a53 a54 a55
a24 a25 a26 a27 a56 a57 a58 a59
a28 a29 a30 a31 a60 a61 a62 a63
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
D36 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a1 a4 a5 a32 a33 a36 a37
a2 a3 a6 a7 a34 a35 a38 a39
a8 a9 a12 a13 a40 a41 a44 a45
a10 a11 a14 a15 a42 a43 a46 a47
a16 a17 a20 a21 a48 a49 a52 a53
a18 a19 a22 a23 a50 a51 a54 a55
a24 a25 a28 a29 a56 a57 a60 a61
a26 a27 a30 a31 a58 a59 a62 a63
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
D46 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a2 a4 a6 a32 a34 a36 a38
a8 a10 a12 a14 a40 a42 a44 a46
a1 a3 a5 a7 a33 a35 a37 a39
a9 a11 a13 a15 a41 a43 a45 a47
a16 a18 a20 a22 a48 a50 a52 a54
a24 a26 a28 a30 a56 a58 a60 a62
a17 a19 a21 a23 a49 a51 a53 a55
a25 a27 a29 a31 a57 a59 a61 a63
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
D56 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a1 a2 a3 a16 a17 a18 a19
a4 a5 a6 a7 a20 a21 a22 a23
a8 a9 a10 a11 a24 a25 a26 a27
a12 a13 a14 a15 a28 a29 a30 a31
a32 a33 a34 a35 a48 a49 a50 a51
a36 a37 a38 a39 a52 a53 a54 a55
a40 a41 a42 a43 a56 a57 a58 a59
a44 a45 a46 a47 a60 a61 a62 a63
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
D66 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a2 a8 a10 a32 a34 a40 a42
a1 a3 a9 a11 a33 a35 a41 a43
a4 a6 a12 a14 a36 a38 a44 a46
a5 a7 a13 a15 a37 a39 a45 a47
a16 a18 a24 a26 a48 a50 a56 a58
a17 a19 a25 a27 a49 a51 a57 a59
a20 a22 a28 a30 a52 a54 a60 a62
a21 a23 a29 a31 a53 a55 a61 a63
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
D76 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a2 a4 a6 a16 a18 a20 a22
a1 a3 a5 a7 a17 a19 a21 a23
a8 a10 a12 a14 a24 a26 a28 a30
a9 a11 a13 a15 a25 a27 a29 a31
a32 a34 a36 a38 a48 a50 a52 a54
a33 a35 a37 a39 a49 a51 a53 a55
a40 a42 a44 a46 a56 a58 a60 a62
a41 a43 a45 a47 a57 a59 a61 a63
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
D86 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a2 a4 a6 a8 a10 a12 a14
a1 a3 a5 a7 a9 a11 a13 a15
a16 a18 a20 a22 a24 a26 a28 a30
a17 a19 a21 a23 a25 a27 a29 a31
a32 a34 a36 a38 a40 a42 a44 a46
a33 a35 a37 a39 a41 a43 a45 a47
a48 a50 a52 a54 a56 a58 a60 a62
a49 a51 a53 a55 a57 a59 a61 a63
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
D96 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a1 a4 a5 a8 a9 a12 a13
a2 a3 a6 a7 a10 a11 a14 a15
a16 a17 a20 a21 a24 a25 a28 a29
a18 a19 a22 a23 a26 a27 a30 a31
a32 a33 a36 a37 a40 a41 a44 a45
a34 a35 a38 a39 a42 a43 a46 a47
a48 a49 a52 a53 a56 a57 a60 a61
a50 a51 a54 a55 a58 a59 a62 a63
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
4TABLE II. Ten determinant invariants for six qubits
σ I (1, 4) (1, 5) (1, 6) (1, 2)(1, 4) (1, 2)(1, 5) (1, 2)(1, 6) (1, 4)(1, 2)(1, 5)a (1, 4)(1, 2)(1, 6)b (1, 5)(1, 2)(1, 6)c
det D16 D
2
6 D
3
6 D
4
6 D
5
6 D
6
6 D
7
6 D
8
6 D
9
6 D
10
6
a (1, 4)(1, 2)(1, 5)D16 = (1, 3)(1, 6)D
1
6 = D
8
6 .
b (1, 4)(1, 2)(1, 6)D16 = (1, 3)(1, 5)D
1
6 = D
9
6 .
c (1, 5)(1, 2)(1, 6)D16 = (1, 3)(1, 4)D
1
6 = D
10
6 .
D106 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a0 a1 a2 a3 a8 a9 a10 a11
a4 a5 a6 a7 a12 a13 a14 a15
a16 a17 a18 a19 a24 a25 a26 a27
a20 a21 a22 a23 a28 a29 a30 a31
a32 a33 a34 a35 a40 a41 a42 a43
a36 a37 a38 a39 a44 a45 a46 a47
a48 a49 a50 a51 a56 a57 a58 a59
a52 a53 a54 a55 a60 a61 a62 a63
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
An argument analogous to the one for n = 4 establishes
the completeness of the set formed by the ten determi-
nant invariants. The results are summarized in table III.
TABLE III. Completeness of the determinant invariants for
six qubits with respect to permutations of qubits
trans determinant invariants
(1, 1) D16 D
2
6 D
3
6 D
4
6 D
5
6 D
6
6 D
7
6 D
8
6 D
9
6 D
10
6
(1, 2) D16 D
5
6 D
6
6 D
7
6 D
2
6 D
3
6 D
4
6 D
8
6 D
9
6 D
10
6
(1, 3) D16 D
10
6 D
9
6 D
8
6 D
5
6 D
6
6 D
7
6 D
4
6 D
3
6 D
2
6
(1, 4) D26 D
1
6 D
3
6 D
4
6 D
5
6 D
8
6 D
9
6 D
6
6 D
7
6 D
10
6
(1, 5) D36 D
2
6 D
1
6 D
4
6 D
8
6 D
6
6 D
10
6 D
5
6 D
9
6 D
7
6
(1, 6) D46 D
2
6 D
3
6 D
1
6 D
9
6 D
10
6 D
7
6 D
8
6 D
5
6 D
6
6
n = 8: for eight qubits, there are 35 determinant in-
variants of order 16 (not presented here due to space
limitations).
Finally, it follows from Eq. (11) that if two n-
qubit states |ψ′〉 and |ψ〉 are SLOCC equivalent, then
σ detM(a, n) vanishes if and only if σ detM(b, n) van-
ishes. On the other hand, if one of the determinants
σ detM(a, n) and σ detM(b, n) vanishes while the other
does not, then the states |ψ′〉 and |ψ〉 belong to different
SLOCC equivalent classes. Thus, each determinant di-
vides the space of the pure states of even n qubits into two
inequivalent subspaces under SLOCC. Let c =
(
n−1
n/2−1
)
.
In total, c determinants divide the space into 2c sub-
spaces (or families) under SLOCC. Here each family
Fδ1···δc is defined as Fδ1···δc = S
(1)
δ1
∩· · ·∩S(c)δc , where δi = 0
or 1, S
(i)
0 = {|ψ〉|Din = 0}, and S(i)1 = {|ψ〉|Din 6= 0}.
Clearly, some families include infinite SLOCC classes. It
is straightforward to see that if two states are SLOCC
equivalent then they belong to the same family. However,
the converse does not hold, i.e. two states belonging to
the same family are not necessarily SLOCC equivalent.
As an application of the SLOCC determinant equa-
tions and invariants, consider, for example, the following
genuine entangled state for six qubits:
|χ〉 = (1/
√
8)(|0〉+|5〉+|18〉+|23〉+|40〉+|45〉+|58〉−|63〉).
We observe that all the non-zero coefficients of |χ〉 lie on
the diagonal of D106 . This leads to non-vanishing D
10
6
for |χ〉. However, D106 vanishes for the |GHZ〉, |W 〉 and
Dicke states. In light of Eq. (11), |χ〉 is inequivalent
to the |GHZ〉, |W 〉 and Dicke states under SLOCC. For
more examples, see [17].
In summary, we have constructed the set of all deter-
minant invariants of order 2n/2 for any even n qubits and
showed that the set is complete with respect to permuta-
tions of qubits. We have presented a simple formula for
constructing the determinant invariants and given several
examples for even n. The determinant invariants can be
used for SLOCC classification of any even n qubits and
the absolute values of the determinant invariants can be
considered as entanglement measures. Finally, a more
fundamental problem is whether the determinant invari-
ants are independent.
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